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1 Introduction 



The history of noncommutative residue is now rather long [35], so we sketch it only briefly: after 
some approaches by Adler [2] and Manin [42] on the Korteweg-de Vries equation using a trace 
on the algebra of formal pseudodifferential operators in one dimension, and of Guillemin with 
his "soft" proof of Weyl's law on the eigenvalues of an elliptic operator [29], the noncommutative 
residue in any dimension was essentially initiated par Wodzicki in his thesis [50]. This residue 
gives the unique non-trivial trace on the algebra of pseudodifferential operators. Then, a link 
between this residue and the Dixmier's trace was given by Connes in [11]. Thanks to Connes 
again [12, 13], the setting of classical pseudodifferential operators on Riemannian manifolds 
without boundary was extended to a noncommutative geometry where the manifold is replaced 
by a non necessarily commutative algebra A plus a Dirac-like operator D via the notion of 
spectral triple {A, TC, V) where TC is the Hilbert space acted upon by A and V. The previous 
Dixmier's trace is extended to the algebra of pseudodifferential operators naturally associated to 
the triple {A, TC, T>). This spectral point of view appears quite natural in the general framework 
of noncommutative geometry which goes beyond Riemannian geometry. From a physicist point 
of view, this framework has many advantages: the spectral approach is motivated by quantum 
physics but not only since classical observables and infinitesimals are now on the same footing 
and even Dixmier's trace is related to renormalization. It is amazing to observe that most of 
classical geometrical notions like those defined in relativity or particle physics can be extended 
in this really noncommutative setting. Among others, some physical actions still makes sense 
as in [11] where Dixmier's trace is used to compute the Yang-Mills action in the context of 
noncommutative differential geometry. Another example is the Einstein-Hilbert action: on 
a compact spin Riemannian 4-manifold, j-'D~^ coincides (up to a universal scalar) with the 
Einstein-Hilbert action, where J is precisely the noncommutative residue, a point first noticed 
by Connes; then, there were some brute force proof [36] and generalization [34] (see also [1]) of 
this fact which is particularly relevant here. 

Since then, the case of compact manifolds with boundary have been studied, making clearer the 
links between noncommutative residues, Dixmier's trace and heat kernel expansion. This was 
made using Boutet de Monvel's algebra [20,28,46], in the case of conical singularities [40,45] or 
when the symbols are log-polyhomogeneous [39]. Besides, the applications of noncommutative 
residues for such manifolds to classical gravity has begun [49], and better, when the gravity is 
unified with fundamental interactions [10]. Needless to say that in field theory, the one-loop 
calculation divergences, anomalies and different asymptotics of the effective action are directly 
obtained from the heat kernel method [48], so all of the above quoted mathematical results have 
profound applications to physics. 



The Chamseddine-Connes action [7] associated to a spectral triple {A, TC, T>) is, for a one- form 
A = ^■ai['D,bi], ai, bi £ A 



0<keSd+ 

where Va ■= V+A (or := V+A, A := A+eJAJ'^ in the real case),) <^k = ^ ^(i) t'^/^-i 
and Sd~^ is the strictly positive part of the dimension spectrum of the spectral triple. When 
is not invertible, we invert in ([1]) the invertible operator + Pa where Pa is the projection on 
KeiT^A which is a finite dimensional space. 

The coefficient (0) related to the constant term in ([1]) can be computed from the unperturbed 
spectral action since it has been proved in [8] (with an invertible Dirac operator and a 1-form 




(1) f ormuleaction 
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A such that D + A is also invertible) that 



Cv+a{0) - CviO) = Y.^-^j{AV-y, 



(2) 



constant 



using Cx(s) = Tr(|X|-^). 

It is important to be able to compute ([T]) and here, we look at possible cancellation of terms in 
this formula. We focus essentially on commutative spectral triples, where we show that there 
are no tadpoles, i.e. terms like JAD^^ are zero: in field theory, is the Feynman propagator 
and AV^^ is a one-loop graph with fermionic internal line and only one external bosonic line A 
looking like a tadpole. More generally, the tadpoles are the ^-linear terms in ([T]). 



A 

In [44], few computations oif\T)\~^ are presented and formula like 1^ also appears in [41] in 
the context of pseudo differential elliptic operators. 

For examples of spectral action in the real noncommutative setting, see [6, 9, 37] for the case of 
almost commutative cases which pops up in particle physics and [21] for the Moyal plane (and 
few points for non compact manifolds [22]), [19,23] for the noncommutative torus and [32] for 
the quantum group SUg{2). In this last case, there are tadpoles. 

As a starting point, we investigate in section 2 the existence of tadpoles for manifolds with 
boundaries, considering after Chamseddine and Connes [10] the case of a chiral boundary con- 
dition on the Dirac operator. One of their original motivations was to show that the first two 
terms in spectral action come with the right ratio and sign for their coefficients as in the mod- 
ified Euclidean action used in gravitation. We generalize this approach to the perturbed Dirac 
operator by an internal fluctuation, ending up with no tadpoles up to order 5 (see definition 

El) 

However, this approach stems from explicit computations of first heat kernel coefficients, so we 
cannot conclude that other integrals of the same type as tadpoles are zero. It is then natural to 
restrict to manifolds without boundary via a different method. 

We gather in section 3 some basic results concerning the use of the reality operator J. After 
some useful facts using the link between and the Wodzicki residue, we conclude in section 4 
that a lot of terms in ([T]) are zero, using pseudodifferential techniques. 

Few definitions about pseudodifferential operators, dimension spectrum have been postponed in 
the appendix. 



2 Tadpoles and compact spin manifolds with boundary 

Let M be a smooth compact Riemannian d-dimensional manifold with smooth boundary dM 
and y be a given smooth vector bundle on M. We denote dx (resp. dy) the Riemannian volume 
form on M (resp. on dM.) 

Recall that a differential operator P is of Laplace type if it has locally the form 

P = -(5^-5^9, +A^5^ + B) (3) 
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where {g^")i<f_i^u<d is the inverse matrix associated to the metric g on M, and A'^ and B are 
smooth L(l/)-sections on M (endomorphisms) . A differential operator D is of Dirac type if 
is of Laplace type, or equivalently if it has locally the following form 

D = -i^d^ + 

where (7^)i<^<d gives V a Clifford module structm'e: {7^,7*^} = 2g^^'^ldv, (7^)* = 7^^- 
A particular case of Dirac operator is given by the following formula 



D 



where the uj^ are in C°°(L(y)). 

If P is a Laplace type operator of the form ([3]), then (see [25, Lemma 1-2.1]) there is an unique 
connection VonV and an unique endomorphism E such that P = L(V, E') where by definition 



LiV,E) :=-(TTgV^ + E), V\X,Y) := [Vx,Vy]- V. 
X, Y are vector fields on M and is the Levi-Civita connection on M. Locally 



where T^,y are the Christoffel coefficients of V^. Moreover (with local frames of T*M and V), 
V = dx^^ (g) (9^ + ujf^) and E are related to g^'^ , and B through 



E = M-g''>'{d^uJ^+uj^ujf, 



(5) 
(6) 



Suppose that P = L{V , E) is a Laplace type operator on M, and assume that x is an endomor- 
phism of Vqm so that = Idy. We extend x on a collar neighborhood C of dM in M with 
the condition (x) = where the d*^-coordinate here is the radial coordinate (the geodesic 
distance of a point in M to the boundary dM.) 

Let V± := Il±V the sub-bundles of F on C where Il± := ^(Idy ±x) are the projections on the 
±1 eigenvalues of x- We also fix an auxiliary endomorphism 5 on V-^.Q^ extended to C. 
This allows to define the mixed boundary operator B = B{x, S) as 



Bs :=n+(Vd + 5)n+s 



QMeii-sidM, seC^iv). (7) 

Idy) and Neumann-Robin (n_|_ = Idy) 



These boundary conditions generalizes Dirichlet (n_ 
conditions. 

We define Pis as the realization of P on i3, that is to say the closure of P defined on the space 
of smooth sections of V satisfying the boundary condition Bs = 0. 

We are interested in the behavior of heat kernel coefficients cid~n defined through its expansion 
as A — > 00 (see [25, Theorem 1.4.5]) 



Tr(e 



~ Va 



d-r 



n>0 



i-n{D,B) 



where D \s a, self-adjoint Dirac type operator. Moreover, we will use a perturbation D ^ D + A, 
where A is a 1-form (a linear combination of terms of the type /[D, 5], where / and g are smooth 
functions on M) . More precisely, we investigate the linear dependence of these coefficients with 
respect to A. It is clear that, since A is differential operator of order 0, a perturbation D 1— > D+A 
transforms a Dirac type operator into another Dirac type operator. 
This perturbation has consequences on the E and V terms: 



(4) phiDirac 



omeganu 



EEquation 



Mixed 
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erturbation Lemma 2.1. Let D be a Dirac type operator locally of the form ^ such that := + w 



IS 



connection compatible with the Clifford action 7. Let A be a 1-form associated to D, so that A 
is locally of the form —ij^a^ with £ C°°{U), (U,Xfj_) being a local coordinate frame on M. 
Then {D + Af = L(V^,^^) and = L{V,E) where, 

= + , thus = V^ + a^ Idy, 

Moreover, the curvature of the connection is = O^i, + F^^, where = [V^, V;^]. 
In particular Ti = Tt E. 

Proof. This is quoted in [48, equation (3.27)]. 

{D + Af = L(V^, E^) := -g'^'iV^V^ - r^>.V^) - and we get with V;^ := + a^Idy: 
-iD + Af = j'^V^YV^ = 7^[V^, + I'YV^V^ 

= -l^YT^p'^V^ + g^^'V^V^ + l^^l'iV^, + a^Idv,Vu + aMv]- (8) 
Since F^i, = F^^, we get by comparison, 

E^ = in^i"^^ + Mv, V, + a, Idy] = ^''7" ([V^, V,] + d^{a,) - a,(a^)) 

= i7/^7-[V^, V,] + i[7^7l(9^K) - d,{a,)). □ 

Remark that even if quadratic terms in appear in the local presentation of the perturbation 
— > (Z) + Af (in the b term), these terms do not appear in the invariant formulation (V,E) 
since there are hidden in V^V^ of ([8|). 

In the following, D and A are fixed and satisfy the hypothesis of Lemma l2.ll Indices i, j, k, 
and / range from 1 through the dimension d of the manifold and index a local orthonormal 
frame {ei, e^} for the tangent bundle. Roman indices a, b, c, range from 1 through d — 1 and 
index a local orthonormal frame for the tangent bundle of the boundary dM. The vector field 
Cd is chosen to be the inward-pointing unit normal vector field. Greek indices are associated to 
coordinate frames. 

Let Rijki, Pij '■= Rikkj and r := pa be respectively the components of the Riemann tensor, 
Ricci tensor and scalar curvature of the Levi-Civita connection. Let Lab '■= (Sea^hi^d) be 
the second fundamental form of the hypersurface dM in M. Let ";" denote multiple covariant 
differentiations with respect to V"^ and ":" denote multiple covariant differentiations with respect 
to V and the Levi-Civita connection of M. 

We will look at a chiral boundary condition. This is a mixed boundary condition natural to 
consider in order to preserve the existence of chirality on M and its boundary dM which are 
compatible with the (selfadjoint) Clifford action: we assume that the operator x is selfadjoint 
and satisfies the following relations: 



This condition was shown in [10] a natural assumption to enforce the hermiticity of the realization 
of the Dirac operator. It is known [25, Lemma 1.5.3] that ellipticity is preserved. 
Since 7"^ is invertible, dimV+ = dimVL and Tr^ = 0. 



nabla 



{X,7'*}=0, [x,7l =0, VaG {I,--- ,d-l}. (9) chigamma 
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Schi 



ThmGilkey 



For an even-dimensional oriented manifold, there is a natural candidate x satisfying ([9]), namely 

X ■■= XdM = (-«)'^/^"W(ei) • • • 7(ed-i) 
(this notation is compatible with (1140 .) Recall that 

, VA; G N, Tr(7'7-'') = dim V 6'^ . (10) 



The natural realization of this boundary condition for the Dirac type operator D + A is the 
operator (D + A)^ which acts as D + A on the domain { s G C°°(y) : n_S|g^ = 0}- It turns 
out (see [4, Lemma 7]) that the natural boundary operator defined by 



\dM ffi ^-S\dM 

is a boundary operator of the form ([7]) provided that 5 = A] — LaaX)^+- 

Lemma 2.2. Actually, S and X;a ore independent of the perturbation A: 

(t) S = -^Laan+ . 
(ii) X;a = X:a- 

Proof, (i) Since A is locally of the form —i^y^aj with aj £ C°°{U), we obtain from 
X[Y, A] = -iaj x[7^ 1^] = -iyZ «i Xb'^, = ^ [7^ 7^']x = -[7^ 



j<d j<d 

and the result as a consequence of n_|_ [7^^, A] = [7^^, A] n_ and n_|_n_ = 0. 

(ii) We have Vf = Vj + Idy where A =: —ij^aj, and since {Vfx)s = ^fix^) ~ xC^fs) for 

any s e C°^{V), using Lemma EH (x) = [Vi + aildv,x] = Ni,x] = Vi(x). □ 

While S is not sensitive to the perturbation A, the boundary operator depends a priori on 
A. We shall denote the boundary operator B^ when A = 0. 

The coefficients ad-k for < A; < 4 have been computed in [3] for general mixed boundary 
conditions in the case of Laplace type operators and in [4, Lemma 8] for Dirac type operators 
with chiral boundary conditions. We recall here these coefficients in our setting: 



Proposition 2.3. 

ad{D + A,B^) = {47T)-''/'' 



Try 1 dx . 



M 



ad^i{D + A,B^) 



0, 

ad.2{D + A,B^)=^^^^{ [ Trv{6E^ + T)dx+ [ T¥y (2L,, + 125) }, 

JM JdM 



ad-^{D + A,B{ 
ad-A{D + A,B; 



(in) 



-{d-l)/2 



384 

(47r)-'*/2 
360 



/ Try {96xE^ + ^LI^ + ^LI, + 96SLaa + 1925^ - 12x'j dy, 
JdM 

{ [ Try {60tE^ + 180{E^f + 30(17^)2 + Sr^ - 2p'^ + 2R^} dx 

JM 

- [ T¥y [imxE^d + l^OE'^Laa + 7205^^ + 60xX;af^ad + T} dy } . 

JdM 



where 



T := 20r Laa + ^RadadLhb - ^'^RadbdLab + ^RabchLac + (I6OL 



+ UOtS + lUSLl, + A8SLI, + A80{S^Laa + S^) - 42x%Lhb + GX;aX;bLab - 120xfaS) 
is independent of A. 



tracegammaimpa 
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The following proposition shows that there are no tadpoles in manifolds endowed with a chiral 
boundary condition. 

Theorem 2.4. Let M be an even d- dimensional compact oriented spin Riemannian manifold 
with smooth boundary dM and spin bundle V . Let D := —i'^^^j be the classical Dirac operator, 
and X = XdM — (~^)'^'^^~^7(6i) " " " l{^d-i) where {ei)i<i<d is a local orthonormal frame ofTM. 
The perturbation D ^ D + A where A = —ij^aj is a 1-form for D, induces, under the chiral 
boundary condition, the following perturbations on the heat kernel coefficients where we set 
Cd-k{A) := ad-k{D + A, B^) - ad-k{D, B^): 

(i) CdiA) = Cd-i{A) = Cd-2iA) = Cd„3(A) = 0. 
(it) Cd-M) = -^(^ Im P^^-P^" dx. 

In other words, the coefficients ad-k for < k < 3 are unperturbed, ad-A is only perturbed by 
quadratic terms in A and there are no linear terms in A in ad-k{D + A,B:^) for k < 5. 

Remark 2.5. When A is selfadjoint, all coefficients ad-k{D + A, B^) and ad-k{D,B^^) are real 
while linear contributions in A are purely imaginary, modulo traces of 7 and x matrices and 
their covariant derivatives. Since the invariant terms appearing as integrands of Jj^^ and Jq^^^ 
in the coefficients at higher order are polynomial in S, Xj E^ and and their covariant 
derivatives, one expects no linear terms in A at any order. 
We study more examples in [33] with a generalization of Theorem \4.^ 

Proof, (i) The fact that Cd{A) = Cd-i{A) = follows from Proposition 12.31 

Since by Lemma lO Crf_2(A) = (47r)~°'/2 /^^^ Try(£'^ - EA)dx, we get Cd-2{A) = because 

Try E"^ = TtvE by Lemma \TT[ 

From Proposition O and LemmaE^l we get Cd-3{A) = i(47r)"("'"i)/2 fdM^V {xiE^^ - E)}. 
Since xiE^ - E) = {-iY/'^-f^ ■ ■ ■ ['j^ ,-f'']Fjk, ^ yields Try xiE"^ - E) = because d is 
even. 

(ii) Since Try (E'"^ — E) = and Try x{E^ — E) = 0, we obtain Try S{E^ — E) = from Lemma 
12.21 Thus, using Proposition 12.31 and Lemma 12.2^ 

c,_4(A) = (^^{ / Try{m{E^f-E') + 30{{nf^f-{n,,f)}dx 

JM 

+ / Try {l80x{Efd - E,d) + ^xxA^ad " ^ad)} dy). 

JdM 

We obtain locally Try ((-E^)^ - E"^) = ^ Tr([7'', 7^^] [7^, 7'^])F^;^Fpo- using Lichnerowicz formula 
E = -\t. Since Try ([7/^, 7*^] [7'', 7'^]) = A.2'^/'^{g^"' g^P - gf'Pg'"'), 

Try {{E^f - E^) = 

V being the spin connection associated to the spin structure of M, we have Viij = \'~^^^^Rijki- 
So Rijki = —Rijik implies Try^ij = 0. Hence, with Lemma [2?n 

Try {{nfjf - = 'fl'^Fl = 2'^'^F^^F>"' . 

Moreover, Ef^ = [V^ + a^, E^] = [V^, E + \b\l^]Fij] = E.,d + \[V d, [l\l']]Fir 
Using of [Vi,y] = -liViCj) and 

Try {x{Efd - E.,d)) = {-if/^ F,, TVy {7^ • • • 7'"' {l{Vde^)l^ + I'li^de^)) } = . 
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It remains to check that Try {xX-.ai^ad ~ ^ad)) = 0. Let xm = —ixi'^ be the grading operator 
(see ([H]).) Since xm commutes with the spin connection operator V (see [26, p. 396]), 

= [Va, xm] = Na, XY] = X-.al'^ + X[Va, 7^^] = X:al'^ + Xli"^ aed) 

and thus XX-.a = —l{^a^d)l'^ = ~'^''ad^'' '^'^ ^ where F;^^ = —^'^j since (cj) is an orthonormal 
frame. So Trv(xX:a) = ~^ad^'^'^ ~ ~^ad ~ Finally, the result on Cd-4 follows from Lemma 
Oas Try {xx-.ai^^d " ^ad)) = Trvixx 

The coefficient ad-r>{D + A,B^) is computed in [5]. One can check directly as above that the 
linear terms in A are not present. The computation uses the fact that the trace of the following 
terms X-^-dd) ^^S, xiE^)"^, E^S"^, X;aX;b^ab^ X^a^^-i do not have linear terms in A. □ 

In the following, we investigate the above conjecture with Connes-Chamseddine pseudodiffer- 
ential calculus applied to compact spin manifolds without boundary and Riemannian spectral 
triples. We also see, using Wodzicki residue, how to compute some noncommutative integrals in 
this setting. 

3 Notations and definitions 

Let (^, P, be a spectral triple of dimension d. 

We use the notation D = D + P, P the projection on KerP implying invertibility of D. 
Let J be the reality operator (if it exists) satisfying 

JV = eVJ, e = ±l 

according to the dimension: e = +1 when the dimension d is 0, 2, 3, 4, 6, 7 mod 8 and e = — 1 
when d = 1, 5 mod 8. 

When the triple is even, we also use chirality operator x which is a grading on TC, which commutes 
with A, anti-commutes with T> and also satisfies Jx = e' xJ where e' = 1 for d = 0, 4 mod 8 and 
e' = — 1 for d = 2,6 mod 8. 
Recall few definitions, see [13,18,19,31]: 

Definition 3.1. A one-form A is a finite sum. of operators like ai['D,a2] where ai E A. 
The set of one-forms is denoted by Q,^{A). 

3.1 Noncommutative integrals 

We recall in Appendix few definitions about the algebra ^{A) of pseudodifferential operators, 

zeta functions and dimension spectrum. 

A. Connes has introduced the following notation 

j X ■.= ResTT{X\V\~'), X£^{A). 

J is a trace on '^{A), (non necessarily positive, see Lemma [4.181 ) 
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3.1.1 Noncommutative integrals and real numbers 



adjoint Lemma 3.2. Let {A,T>,7i) be a spectral triple and X G ^'(-4.). Then 



If the spectral triple is real, then, for X S '^'(-4,), JXJ~^^ £ ^("4.) and 



Proof. The first result follows from (for s large enough, so the operators are traceable) 



Tr{X*\V\'') = Tr {{\V\-')X)*) = Tr(|P|-^"X) = Tr{X\V\'^). 



The second result is due to the anti-linearity of J, Tr(jyj ^) = Tr(y), and J|I?| = I'D] J, so 



reel 



Tt{X\V\-') = Tr(JX|P|-V-i) = Tt{JXJ-^V\-^). □ 
Corollary 3.3. For any one-form A = A* , and for k, I G'N, 

J^A^v-'^eR, j {AV-^f eR, jA^\v\-^eM., j xA^\v\~'^ jA^v\v\-^eR. 

3.1.2 Tadpole 

In [17], is introduced the following 



Def tadpole Definition 3.4. In {A, H, V), the tadpole Tadx>+Aik) of order k, for k £ {d — I : I £ N} is 
the term linear in A = A* £ Q^^, in the A*' term of ([T]) (considered as an infinite series) where 
Va = V + A. 

If moreover, the triple {A, H, T>, J) is real, the tadpole Tad^j^^{k) is the term linear in A, in 
the A'' term of ^ where Va = V + A. 



leurtadpole Proposition 3.5. Let {A, TC, T>) he a spectral triple of dimension d with simple dimension 
spectrum. Then 



Ta.dv+A{d - k) = -{d - k) j AV\V\-^'^~^^-^ , "^k ^ d, (11) | tadpolen-k 



Tadv+A{0) = - J AV~^. (12) | tadpoleO 



Moreover, if the triple is real, Tad^^^ = 2 Tadx>+A ■ 

Proof. By [19, Lemma 4.6, Proposition 4.8], we have the following formula, for any S N, 

/» k k-p 

^ / +^ Res h{s,r,p) Tv{e''{Y)---e'^{Y)\V\-'), 

p=l ri,--- ,rp=0 
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where 

h{s, r,p) := {-s/2)P / g{-sti,ri) ■ ■ ■ g{-stp, rp) dt, 

Jo<ti<-<tp<i 

£^(T) := v(r)p-2r^ ._ [p2^r], 

giz,r) ■= {'l^) withg(z,0) := 1, 

N N-q 

r^(X)p-2(l^li+'?) mod OP-^-i for any N e N*, 

g=l fcl,--- ,fcq=0 

X := AV + VA + , A := A + eJAJ-^ , 

r^(X) := (^ii|j^v'=« (XV'^-^ (• • • XV'^^ (X) . . . )) , Vg G N* , A; = (fci, • • • , fc,) G N'?. 

As a consequence, for k ^ n, only the terms with p = 1 contribute to the hnear part: 

fc-i 

s=d—k 



•' r=0 ^ 



Tadp , - A:) = LinA(f \V aV^"-""^) = V Res, h{s,r,l) TV (e'-(LinA(y))|P|-^) 
We check that for any iV € N*, 

LinA(y) - r'i(Ip + j^od op-^-\ 

Since V\(AD ^VA) = ^^V\AV + VA) = ^^{V'(1),P}, we get, assuming the dimension 
spectrum to be simple 

k~l 

' s=d-k 



T8.d^^^{d-k) = Y Res h{s,r,p)Ti{e''{UnA{Y))\V\~'') 

r=0 

k—l k—l—r 

= YHn-k,r,l) Y ^ Res Tr(,'^({v'(I),p})|p|— 2(^+1)) 

■'— ' ^ — ' s=d—k 
r=0 1=0 

= 2Y,Hd-k, r, 1) -/ v'^+'(I)P|P|-('^-'=+2{r+z))-2 

n J n 



r=0 «=0 

= -{n-k)jAV\V\-^'^-''^-^, 

because in the last sum it remains only the case r + / = 0, so r = / = 0. 
Formula ()12p is a direct application of [19, Lemma 4.5]. 

The link between Tad^^^ and Tadx)+A follows from JT> = eDJ and Lemma 13.21 □ 



Atilde=0 Corollary 3.6. In a real spectral triple {A,H,V), if A = A* ^ Q^{A) is such that A = 0, then 
Tadn+Aik) = for any k £ Z, k < d. 

Remark 3.7. Note that A = for all A = A* £ U^, when A is commutative and JaJ^^ = a* , 
for all a £ A, see (|15p . so one can only use Da =T) + A. 
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-1 













1 








-1 } 
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1 






But we can have A commutative and JaJ ^ ^ a* [15, 38]: 

Let Ai = C © C represented on TLi = with, for some complex number m 7^ 0, 
61 

7ri(a) := I 61 | , /or a = (61, 62) G ^ 
62 
mm 

Pi := I m I , xi := I -1 | , Ji := | 1 | o cc 

m 6 

where cc is the complex conjugation. Then (Ai, Tii, Vi) is a commutative real spectral triple of 
dimension d = with non zero one-forms and such that JiTri{a)J^^ = TTi{a*) only if a = (61, 61). 
Take a commutative geometry (^2 = C°°(Af), Ti = L'^{M,S), V2, X2, J2) defined in \4-l\ where 
d = dimM is even, and then the tensor product of the two spectral triples, namely A = Ai0 A2, 
H = Hi(^ H2, P = Pi X2 + 1 © ^2; X = Xi® X2 and J is either xiJi ® J2 when d G { 2, 6 } 
mod 8 or Ji® J2 in other cases, see [15,47]. 

Then (A, TC, T>) is a real commutative triple of dimension d such that A ^ for some self adjoint 
one-forms A, so is not exactly like in definition \4.1\ 



The vanishing tadpole of order has the following equivalence (see [8] ) 

j AV~^ = 0, G n]^{A) ^ jab = j aa{b), Va, b £ A, (13) 

where a{b) := T)bT)~^, equivalence which can be generalized as 
Lemma 3.8. In a spectral triple {A, TC, T>), for any k gN, 

(Ap-i)" = 0, Vyl G nU^), yne {I,--- ,k} ^ J-Yl ajaibj) = f Yl ""ih^ ^^j, bj G A. 

i=i i=i 

Proof. Note that alVjb]!)"^ = aa{b) where a{b) := a{b) — b. 
Assuming the left hand-side, we get 

= J{AV'^)"- = j aia{bi) . . . aja{bj) . . . ana{bn) 

= -j- aia{bi) . . . aja{bj)aj+ia{bj+i) . ..aka{bk) - j- aia{bi) . . . ajbjaj+ia(bj) . . . ana(bn) 

Voj, bj G A. But the last term is zero if f (AP-I)" = for all A. By induction, we end 
up with = Jaia(6i) • • • a„_iQ(6„_i) a„a(6rt). Varying n between 1 and k, we get the right 
hand-side. □ 



equ 



4 Commutative spectral triples 
4.1 Commutative geometry 

Definition 4.1. Consider a commutative spectral triple given by a compact Riemannian spin 
manifold M of dimension d without boundary and its Dirac operator T> associated to the Levi- 
Civita connection. This means {^A := C°°(M), H := L'^{M, S), P) where S is the spinor bundle 
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over M . This triple is real since, due to the existence of a spin structure, the charge conjugation 
operator generates an anti-linear isometry J onTC such that 

JaJ^^ = a* , \fa G A, 

and when d is even, the grading is given by the chirality matrix 

Xm:=H)'/'7V---7'- (14) 

Such triple is said to he a commutative geometry (see [15] and [16] for the role of J in the nuance 
between spin and spin^ manifold.) 

Since, JaJ~^ = a* for a ^ A, we get that in a commutative geometry, 

JAJ~^ = -eA*, VAgO^(^). (15) ^aJ 

4.2 No tadpoles 

The appearance of tadpoles never occur in commutative geometries, as quoted in [17, Lemma 
1.145] for the dimension d = 4. This fact means that a given geometry (A, TC, T>) is a critical 
point for the spectral action ([T|). 



Toptadpoles Theorem 4.2. There are no tadpoles on a commutative geometry, namely, for any one-form 
A = A*(^ 9.\j{A), Tadv+Aik) = 0, for any fc G Z, k < d. 

Proof. Since A = when A = A* hy ()15p , the result follows from Corollary 13.61 □ 
There are similar results in the following 



similar 



Lemma 4.3. Under same hypothesis, for any k, I G'N 

(i) jAV-^ = -€^+^jAV-^, 

(ii) jxAV-^ = -e^+^jxAV-^, 
(ill) jA^\V\-^ = (-e)' f 

(iv) f x^'l^r^ = (-e)' jxA^\'^\~^- 

Proof. 



onentof zeta 



j AV'^ = j JAV-^J-^ = j JAJ-^{e^V-k) = -e^+^j A*V-k = -e^+^ j V'^A 
= -e^+^ j AV-''. 

The same argument gives the other equalities using = ~-^X ^^id xl^l = l^lx- ^ 
Lemma 4.4. For any one-form A, f (^AV^^^^ = when A; G N is odd. 
Proof. We have 



j {AV-^f = j j{AV-^f J-^ = j {JAJ-^ JV-\J-^f = {A*V-^] 



k 



= {-lfj{AV-^f (16) [t^i^ 

(which shows again that/^P~i = 0.) □ 
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4.3 Miscellaneous for commutative geometries 

To show that more noncommutative integrals, where the use of the operator J in the trick ()16p 
is not sufficient, are nevertheless zero, we need to use the Wodzicki residue (see [51,52]): in a 
chosen coordinate system and local trivialization [x, ^) of T*M, this residue is 

wres^iX) := [ Tr ((T^^ (x, 0) I^^Cl 1^^^^ A • • • A dx'^l, (17) 

where a^^ {x, ^) is the symbol of the classical pseudodifferential operator X in the chosen co- 
ordinate frame (xi,--- ,Xrf), which is homogeneous of degree —d := — dim(M) and taken at 
point (x, 1^) G T*{M), is the normalized restriction of the volume form to the unit sphere 
S*M ~ S'^"^, so we assume d > 2 to get S*M connected. 

This wreSxiX) appears to be a one-density not depending on the local representation of the 
symbol (see [26,52]), so 



Wres{X) := / wres^iX) (18) 

is well defined. 

The noncommutative integral f coincides with the Wodzicki residue, up to a scalar: since both J 
and Wres are traces on the set of pseudodifferential operators, the uniqueness of the trace [52] 
gives the proportionality 



/ 



X = CdWres{X) (19) jWres 



where q is a constant depending only on d. Computing separately fl'D] and TyrefidPl '^), 

we get Cd > (note that f is not a positive functional, see Lemma [4.181 ) 

Lemma 13.21 follows for instance from the fact that J^j wreSx{X*) = jj^^wreSx{X). 

Note that Wres is independent of the metric. 

As noticed by Wodzicki, f X \s equal to —2 times the coefficient in log t of the asymptotics 
of Tr(Xe~*'^^) as t ^ 0. It is remarkable that this coefficient is independent of V and this 
gives a close relation between the Q function and heat kernel expansion with Wres. Actually, 
by [27, Theorem 2.7] 

oo oo 

Tr(Xe-*^') ~,^o+ Y.""^^^''""'^''^"'^'^ + Y.^-'''k ^ogt + bk)t\ (20) ^ 

fc=0 fe=0 

sojX = 2a'Q. Since, via Mellin transform, Tr(Xp-2^) = ^ t"-^ Tr(X e~*^') dt, the non- 
zero coefficient a'^. A; / create a pole of Tr(X V^'^^) of order k + 2 since t^^^ log(t)^ = ^ ^k+i^' 
and 

r(s) = - + j + sg(s) (21) I Gamma 
s 

where 7 is the Euler constant and the function g is also holomorphic around zero. 
We have Jl = and more generally, Wres{P) = for all zero-order pseudodifferential projec- 
tions [51]. 

For extension to log-poly homogeneous pseudodifferential operators, see [39]. 
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When M has a boundary, some are non zero, the dimension spectrum can be non simple 
(even if it is simple for the Dirac operator, see for instance [40].) 

On a spectral triple {A, Ti., D), the fact to change the product on A may or not affect the 
dimension spectrum: for instance, there is no change when one goes from the commutative torus 
to the noncommutative one (see [19]), while the dimension spectrum of SUq{2) which is bounded 
from below, does not coincide with the dimension spectrum of the sphere corresponding to 
q = l [32, Corollary 4.10]. 

We first introduce few necessary notations. In the following we fix a local coordinate frame 
([/, (a;j)i<i<„) which is normal at xq G M, and denote the /c-homogeneous symbol of any 
classical pseudodifferential operator X on M, in this local coordinate frame. The Dirac operator 
is locally of the form — compatible with (jj]) 



V 



-i-f{dx^) {d^j +ujj{x)) 



(22) 



where loj is the spin connection, 7 is the Clifford multiplication of one-forms [26, page 392]. Here 
we make the choice of gauge given hy h := ^ which gives [26, Exercise 9.6] 



' 4 i^ij ' 



9 ^ Ik 



9ki - 5,. {hj)5^p hf) ^{dx^) -f{dx'), -f{dx^) : 
where ■j^ = jj are the selfadjoint constant 7 matrices satisfying {7*,7-' } = 5^^. Thus 



9' 



■{x)). 



We have chosen normal (or geodesic) coordinates around the base point xq. Since 

9ij{x) = 9ij{xo) + ^Rijkix^x'- + odlxll^), 
g'^ix) -- 
9ij{xo) 



g^l{xo)-\R\hx''x' + o{ 



rfJxo) = 0, 



the matrices h{x) and h ^(x) have no linear terms in x. Thus 

LJiixo) = 0. 

We could also have said that parallel translation of a basis of the cotangent bundle along the 
radial geodesies emanating from xq yields a trivialization (this is the radial gauge) such that 
^^iixo) = 0. In particular, using product formula for symbols and the fact that in the decompo- 
sition D = V + P, P e 0P-°°, we get for /c e N 



af{x,0 
^^{x,C) 



'9 [.x)-ikij 



7(0, 



J' 



-W5 



'^''^{x)lk'^j{x), 



dxkO-f{xo,0 = 0, 



0^-1 



jk 



{x)ij^km\ 



2 

X ! 



Ilell^ ■.= 9'Hx)C,^k 



{x,0 = 
dxka_i (xo,^) = 0. 

We will use freely the fact that the symbol of a one-form A can be written as 

cj^(x,0 =a^{x) = -iak{x)j'' 



(23) 

(24) 
(25) 

(26) 
(27) 



Dirac 



sigmal 



sigmaO 



deriveedesigma 



sigma-1 



deriveesigma-1 



(28) sigmaA 
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with ak{x) e iR when A = A*. 

When d is even (so e = 1), remark that for k = I and Ai = ai[D,hi] and a = Yl^^iCii, then 
by [18, page 231 (actuaUy, x is missing)], [43] or [26, p. 479] when k = d, (M is supposed to be 
oriented) 

/x^i • • • Ak\V\-'' = 4 / A{R)^'^-''^ A adbi A---Adbk 
J Jm 

where A{R) is the 4-genus associated to the Riemannian curvature R. Since we have A{R) G 
®jgNr2^-' (M, R), Jx^'^lZ?!"*^ can be non zero only when k = d — 4j. For instance in dimension 
d =2, for j = 0, 

a^t^'^'-^ix^O = a^^'^^x)a^-\x,0 = -a,{x) a2{x) xg^H^hjlk 



Thus wreSx{x-^i-^2T^~'^) = —2 ai{x) 02 (x) V det Qx Tr(x7-'7^), so if Vg is the Riemannian density. 



/ 



xAiA^V-^ = -2cd Tiix-f'l'') f aia2i^g. (29) 

Jm 



Actually, this last equality is nothing else than Wodzicki-Connes' trace theorem, see [26, section 
7.6], and this is equal to c'^ Jj^ aia2dbi A db2 as claimed above. 

We introduce a few subspaces of the pseudodifferential operators space *(M). Let 

Be := { P G ^{M) : e Ej,yj eZ} e for even, 
Bo:={Pe ^(M) : G Oj, Vj G Z } o for odd, 

such that, for m = 2^'^/'^\ 



Ej:={feC^{UxR''\{0},MmiC)) : /(x, C) = ^ ^/ii(x) , / 7^ 0, 

h G N, G m - 2ki = j , he C°^{U,Mrn{C)) } , 
Oj:={feC^{UxM.\{Q}Mm{C)) : /(x, = E ^^^^(^) ' ^ ^ ^' 

h G N, G n\ 1/3^1 - {2ki + l)=j , hi£ C'^iU,MmiC)) } . 

Ejlem Lemma 4.5. For any j, j' G Z and a G N*^, 

(i) EjEf C £;^-_^jv and d^Ej C S^^;^ C E.j. 

lii) OjOf C Ej+j, and d^Oj Q Oj_|«|, d^Oj C O^-. 

(iii) OjEji and EjiOj are included in Oj^ji. 

(iv) Be is a sub-algebra of^{M). 

(v) BeBe, BoBo are included in Bg, and BgBo, BgBe are included in Bo- 
Proof, {i) Let / G Ej and a G N'^. We have, if f{x,0 = Eie/ ^ H^), 

ieJ is/ 7<a 
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Binversion 



We check by induction that we can write 

I7I 

where Ap are real numbers, the sum on indices p is finite, and P^'^ = 7- As a consequence, 

since HCll^'^' = {9^^{x)Ck^i)'^' is a homogeneous polynomial in ^ of degree 2/cj, we get d^f G Ej_\^\. 
The inclusions EjEji C Ej^ji, d"Ej C E'j are straightforward. 
{ii) The proof is similar to (i) since by induction 



where Ap are real numbers, the sum on the indices p is finite and X^jii /^"''^ ~ 7- 
{in) Straightforward. 

(iv) The product symbol formula for two classical pseudodifferential operators P G ^^{M), 
Q £ ^'^(M) gives 



^PQ 



DiracB 



p+<?-i 

aeN'' k>0, |«|+fc<i 

The presence of the factor i'"' that will be crucial in later arguments like Lemma 14.101 

If P, Q G Be, we see that by (i), 5|'cr^_^._^|^|^^ G Ep^j+k and d^a^_^ G E^^k- Again by (i), we 

obtain c?°(T^^ G Epj^q^j, so the result follows from PU]) . 

(f ) A similar argument as (ii;) can be applied, using {ii) to obtain BqBo ^ ;Be and (izi) to get 

BoBe C S„ BeBo C S,. □ 

and Bo are stable by inverse: 

Lemma 4.6. Lei P £ Be (resp. Bq) he an elliptic classical pseudodifferential operator in 'I'P(M) 
with ap{x,^) = WCWxj P G N. Then any parametrix P~^ of P is in Be (resp. Bo)- 

Proof. Assume P G i3e so p is even. From the parametrix equation PP~^ = 1, we obtain 
a^p^ = {(Jp)'^ = ll^ll"^ G -E-p. Moreover, using ([50]) . we see that for any j G N*, 

-^;; = -«rH E E E^'"'^^^.W.^"--A) (^d 

0<k<j 0<|a|<j k=0 

We prove by induction that for any j G N, o'-p-j S ^-p~j- suppose that for a j G N*, we 
have for any j' < j, (J^^^-, G E_p_ji. We then directly check with Lemma 14.51 and (j31|) that 
aP;'_^eE.p.,. 

The case P G ^Bo is similar. □ 
Lemma 4.7. For any A; G Z, V'^ G ;Be and i(;/ien k is odd, \'D\'' G Bo. 



parametrix 
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lemadxi 



Proof. Since V £ Be, T) ^ is in Be by Lemma 14.61 and 14.51 and so is P^. 

Using (f30]) for the equation = V'^, we check that (t['^'(x,^) = H^H^, and for any j G N* 



|D| 

1-i 



0<A:<j 



^1 ^1^1 + 



V V ji"! (-1)'"' apg'^l S^a'^l ) 

^ a! "i"l-j + \a\+k"x'^l-k )■ 

0<|a|<j k=0 



(32) sqrt 



\T>\ 

Again, a straightforward induction argument shows that for any j S N, G Oi^j, 
{Vl £ Bo- The result fohows as above. 



and thus 
□ 



In the next four lemmas, we emphasize the fact that only some of the results could be obtained 
using the trick (jl6p with operator J. 

Lemma 4.8. (i) If d is odd, then for any P £ Be, j- P = 0- 

(a) If d is even, then for any P £ Bq, f P = 0. 

(Hi) For any pseudodifferential operator P G ^i(^) (see Appendix 5.1), 

- when d is odd, then J P = 0, 

- when d is even, then f P\'D\^'^ = 0. 



Proof, (i) Since a^^ £ E^a, cr^di^^O = J2iGi 
on the cosphere in (|17p therefore vanishes. 
(ii) The same argument can be applied. 
(Hi) Direct consequence of (i) and (ii). 



- hi{x) where are odd. The integration 



□ 



Remark 4.9. Lemma \4.8\ (Hi) entails for instance that B\T>\~^'^^~^^'' where B is a polynomial 
in A and T> and k £ N, always vanish in even dimension, while j BV'^^ always vanish in odd 
dimension. In other words, j B\D\^^'^^'^^ = for any odd integer q. 

We shall now pay attention to the real or purely imaginary nature (independently of the ap- 
pearance of gamma matrices) of homogeneous symbols of a given pseudodifferential operator. 
Let 

C:={P£ ^P{M) : a^^^ £ Ij, Vj G N} 
where 1^ = le if ^ is even and If^ = Io \i k is odd, with 

Ie:={f £C^{U X M", Mm{C)) : f = ■ ■ ■ Ik, h{x, , h real valued }, 
Io:={/gC°°(C/xM",7W„(C)) : f = i Ik, ■ ■ ■ Ik, Hx,0 , /i real valued }. 



Calg Lemma 4.10. (i) C is a sub-algebra of^{M). 
(ii) If P £ C is hypo-elliptic then P^^ £ C. 
(Hi) £C and \V\^ £ C for any k £ Z. 

Proof, (i) Consequence of (fHUj) . 
(ii) Consequence of (f3T]) . 

(Hi) It is clear that T> £ C and the fact that \D\ G C is a consequence of (j32p . 



□ 



lemadk 



Lemma 4.11. Let k £ N odd. Then any element B of the polynomial algebra generated by A 
and [D,A] satisfies j B\V\-^'^-^'i = j BF\V\-^'^-^'i = 0. 
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Proof. We may assume that B is selfadjoint so j BV '^^ G M. 

By Lemma a^f~^^~'^ = a^a^^^^"'^ e h- Thus j AV-^ G and the result fohows. The 
case J is similar. □ 

We now look at the information given by the gamma matrices. 

Lemma 4.12. For any one-form A, f A\'D\~'^ = 0, (7 G N in either of the following cases: 

- d ^ 1 mod 8 and d ^ 5 mod 8, 

- (d = 1 mod 8 or d = 5 mod 8 ) and (q is even or q > ). 

Proof. In the case d 7^ 1 mod 8 and d 7^ 5 mod 8, the result follows from the fact that e = 1. 
The case d even and q odd or d odd and q even is done by Lemma 14.81 [Hi). 
Suppose that d is even and q is even, li q = 2k, with a recurrence and the symbol product 
formula, we see that (^2k-j ^ derivatives are linear combinations of terms of the form 
f{x, ^) 7"'^ . . .^li where i is even and less than 2j (with the convention 7-^1 • • • 7-^' = 1 if i = 0). 
We call [Pj) this property. The parametrix equation 2?2fcp-2fc _ ^ g^tails that o-'^2k' ~ ('^2^'')^^ 
and for any j > 1, 



2k-j 



i-1 

E 



2k-(j-r) 



'^-2k-r 



r=max{j— 2A;,0} 



E 

l<|a|<2fc r=max{j-2fc,0} 



d?a. 



j,2k 



! '-'i'^2k-(j-\a\~r) 



-2k ■ 
'2k-r , 



Note that 

^ —2k satisfies (Pq). By recurrence, this formula shows that cr_2^_ • satisfies {Pj) for 

any j G N. In particular, cr^^ '^^ satisfies {P-2k+d) and the result follows then from (f28]l and the 
product of an odd number (different from the dimension) of gamma matrices is traceless. 
Suppose now that d is odd, q is odd and d > q. In that situation, any odd number of gamma 
matrices 7*1 •• • 7*'' is traceless when r < d. 

Using ((30]) for the equation = V^'^'^, we check that fi^' (x,^) = IICII^^'^ and for any 

j G N*, 



v\-i 



a 



■jy-2q 

-2q-j 



E 

0<k<j 



|D|-9 \V\-^ 
^-q-j+k ^-q-k + 



E 

0<|o|<j k=0 



We saw that each a_2g_j satisfies (Pj), that is to say, is a linear combination of terms of the 
form /(x,^) 7-^^ . . . where i is even and less than 2j. Again, a straightforward induction 
argument shows that for any j G N, <^-q-j satisfies {Pj). In particular cr_rf(A|P|^^) is a linear 



combination of terms of the form /(x, ^) 
the result. 



) ry3i . . . ^3r where r < 2{d — g) + 1 is odd. This yields 

□ 



The fact that j AV-'^+^ 
r>-d+i , 



0, consequence of Lemmas 14.81 and 14.111 is also a consequence of the 



fact that a 



(xo,0 =0: 



symbol-k-1 Lemma 4.13. For all k G N*, we have af\{xo,S,) = o'^k-ii^o^O = 0- 
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difference 



dim2 



Proof. We already know that cr^{xQ,^) = 0, see We proceed by recurrence, assuming 

Cfc_i(2;o5 ?) = lor K = 1, • • • , n. ihen (T„ = cr„ (Tq + On-i'^i ~ ^^Ct'^n c'a;*'^i > t^us by 
(IMl) and (I25D, ^7r^'(xo,0 = 0. 

Since DD^^ = 1 yields (t!P2 (^^OiC) = '^o')(^0)0 = Oi '^^ assume o'i??^,_;^(xo, = for 

k = l,---n. Then a'^'l^^ = a^^'V^a' + ^^n-i^^^i^ - ^%cr-n" ^xfeC^-i Using ^ and 



-n-l 



recurrence hypothesis, (T„„_2 (^^OiO = 0. 



□ 



Remark 4.14. Regularity of (x{s) := Tr(|X 
differential operator of order one (see [24])'- 

One checks that Cx{s) 
expansion 



at point when X is an elliptic selfadjoint 
pjjy t'-^ Tr{e-^\^\) dt for ^{s) > d. Because of the asymptotic 



TV 



N+l-d 



n=0 



(33) 

In particular. 



and meromorphic extension to the whole complex plane, Res C,x{s) — j-(^(i_n) 

Cx{s) = r(g)~-^ ( "'^j.^^ + /(s)), where / is holomorphic around s = 0. By ([2T]) we get that Cxis 
is regular around zero and Cx{0) = cid[^] if d is even and Cx(0) = if d is odd. 

Corollary 4.15. Cv+a{0) = Ci?(0) = when d = dim{M) is odd. 
When d IS even, C©+a(0) - C©(0) = Efii ^/(^^"')'*^- 

Proof. The result follows from ([2]) and Lemma |4.4[ 



9. 

92 U=o 



□ 

x^ so 



A proof of ^ also follows from cjl°s(i+^^ ') ~ a^^^ with log(X) := 

Tyres(log(l + AV'^)) = ^iLi lyres(^p-i)^) since (ylp-^)'' has zero Wodzicki residue 
if A; > d and moreover Cx>+a(0) = —Wres[\og{'D + Aj). Actually, the important point is that 

det(X) := e^'''^*^^"^'-"''"'*) is multiplicative (see [41].) Moreover, such determinant is different 
from the zeta-determinant e~''Jf('^^ used for instance by Hawking [30] in his regularization via 
the partition function which suffers from conformal anomalies. 

The fact that in the asymptotic expansion of the heat kernel (I33p . the term 02 [2? + A\ depends 
only on the scalar curvature, so independent of A is reflected in 

Lemma 4.16. In any spectral triple of dimension 2 (commutative or not) with vanishing tad- 
poles of order zero (i.e. (fTSl) is satisfied), C,x>+a{S^) = Qvifi) for any one-form A. 

Proof. Let oi, 02, 61, 62 G -A.. Then, with Ai = ai[D,6i], 

jAi P-I a2[V, h2] V-^ =jAi[V-\a2][V, h2]D-^ +jAia2V-^[V, bijV'K 
The first term is zero since the integrand is in OP^^, while the second term is equal to 
J (010(6102) — 01610(02)) (0(62) — 62), so is zero using a{x)a{y) = a{xy), jxy = jxa{y) by 
(jl3p and the fact that J is a trace. Thus j (AD~^) ^ = and Corollarv 14. 151 vields the result. □ 

Note that C,t)+a{^) — Cvi^) is usually non zero: consider for instance the flat 4-torus and as a 
generic selfadjoint one-form A, take 



^:=<AG [0,27r["^-i7" j;^^^,aa,/e 



il^<t>k 



exp 
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AD-lmax 



arcurvature 



where aa,i is in the Schwartz space S{Z^) and aa,i = —a^-i. We have by [19, Lemma 6.12] 
(with c = = Y.k^^'^ and 9 = 0) 

since /(Ap-i)^ = 0. 

This last equahty suggests that Lemma l4. 161 can be extended: 
Proposition 4.17. For any one-form A, j {AV'^Y = if d = dim{M). 

Proof. As in the proof of Lemma 14.161 V"^ commutes with the element in the algebra as the 
integrand is in OP^'^. So for a family of Oj, hi ^ A and using a := nf=i 

/d „ d d „ d 

n {a^ [V, h] D-^)=j{\[a,)\[{ [V, h\ p-^) = / a J] " • 

i=l i=l i=l i=l 

We obtain, since a{hi) — &j G OP^^, 



d d 
aUi^l<^ibi)-bi _ TJ a{bi)-bi _ TJ a{bi) 



a 

i=l i=l 



Moreover, a^^"^ (^^OiO = 0: we already know by Lemma [4.131 that o"?2^(^0 5 = 0, by (f26l) 
that d^ko'^i^ {xq,^) = for all A;, and ^^^'(xo,^ = hi{xQ) a'^ {xq,^) = giving the claim and 
the result. □ 

This proposition does not survive in noncommutative spectral triples, see for instance [32, Table 
!]• 

Note that for a one-form A, j A'^V^'^ ^ j{AD^^)^'^ = 0: in dimension d = 2, as in 



^^2p-2^_2c^Tr(7V)^ 



Okai Vg. 

M 

It is known (see [17, Proposition 1.153]) that the d — 2 term (for d = 4) in the spectral action 
expansion J |P + A\~'^ is independent of the perturbation A. This is why the Einstein-Hilbert 
action S{V) =/ = -c J^^r^dx (see [26, Theorem 11.2]) is so fundamental. Here r is 
the scalar curvature (positive on the sphere) and c is a positive constant. 
We give here another proof of this result. 

Lemma 4.18. We have f {V + A\-'^+'^ =-f\T>\-'^+^ = -c J^^r^dx with c= ^ j\'D\~'^. 
Proof. We get from [19, Lemma 4.10 (ii)] the following equality, where X := AT> -\- T>A + A^: 



j\v + _ j |p|-d+2 ^ {d^ {{j x^\v\-''~^ -jx\v\ 



-d\ 



Since the tadpole terms vanish, we have = j A^\'D\ °'. Moreover, since mod OP^, 

X2 = {AVf + {VAf + AV'^A + VA^V, we get with [P^ .4] G OP^, 



j X^\V\-'^-'^ = 2-^(AP)2|P|-^-2 + 2jA^\V\ 
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which yields 

j \V + A\-^+^ - j \V\-^+^ = ^^[j{AVf\D\-'^-^ - j A^\D\-'^). 
Thus, it is sufficient to check that 

A straightforward computation yields, with A =: —ia^'y'^, and af{xo,^) = j^^n, 
[ a.d{A^\V\-'')ixo,Od^ = -a^a, TV(7^7^)Vol(5'^-^). 



Now, f \V + A\-'^+'^ = f follows from the equality Tx{-ft^YYly) = (2 - c^) Tr(7/^7^). The 

constant c is given in [26, Theorem 11.2 and normalization (11.2)]. □ 

Remark 4.19. In [17, Definition 1.143], the above result justifies the definition of a scalar 
curvature for (yl, as TZ{a) := a\'D\~'^~^'^ for a E A. This map is of course a trace on 
A for a commutative geometry. But for the triple associated to SUq{2), this not a trace since 
(see [32]): 

n{aa*) = -faa* \V\-^ = while 7^(a*a) = / a*a = ^2!±6^ . 

J ' ' 2(l-q2) J 2(l-g2) 

5 Appendix 

5.1 Pseudodifferential operators 

defpseudo Definition 5.1. Let us define 'D^A) as the polynomial algebra generated by A, JAJ~^, T) and 

\V\. 

A pseudodifferential operator is an operator T such that there exists d & Z such that for any 
N eN, there exist p e Nq, P e V{A) and R G OP'^ (p, P and R may depend on N) such 
that PV-^P e OP'^ and 

T = PV-'^P + R. 

Define ^{A) as the set of pseudodifferential operators and ^{A)'' := ^{A) n OP*^. 

Note that the notion of pseudodifferential operator is modified as '^{A) now includes JAJ~^, 

sec [19]. 

When A is a one-form, A and JAJ~^ are in "D^A) and moreover "D^A) C Uk^noOP^. Since 
l^l G T^iA) by construction and Pq is a pseudodifferential operator, for any fc G Z, \D\'' is a 
pseudodifferential operator (in OP^.) Let us remark also that 'D{A) C '^{A) C UkezOP''. 
The set of all pseudodifferential operators ^{A) is an algebra. We denote ^'i(yl) the subalgcbra 
of ^'(v4) defined the same way as ^'(-4), replacing 'D(A) by the polynomial algebra generated by 
V,A and JAJ^^. This algebra is similar to the one defined in [8]. 
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5.2 Zeta functions and dimension spectrum 

For any operator B and if X is either D or D^, we define 

C|(.) :=Tv{B\Xr), 
Cxis) ■.= Tr{\Xr). 

The dimension spectrum Sd{A,TC,'D) of a spectral triple has been defined in [13,18]. It is 
extended here to pay attention to the operator J and to our definition of pseudodifferential 
operator. 

Definition 5.2. The spectrum dimension of the spectral triple is the subset Sd{A,TC,T>) of all 
poles of the functions := s i— > Tr(P|P|~*) where P is any pseudodifferential operator in 
QpO ji^g spectral triple {A,7i,T>) is said to be simple when these poles are all simple. 

The following is part of folklore in noncommutative geometry, even if sometimes it is unclear if 
there is an equality or an inclusion of Sp{M) va. {d — k : /cGN}. 

Proposition 5.3. Let Sp{M) be the spectrum dimension of a commutative geometry of dimen- 
sion d. Then Sp{M) is simple and Sp{M) = {d — k : /cGN}. 

Proof. Let a £ A = C°°{M) such that its trace norm ||a||£i is non zero and for A; G N, let 
Pfc := a\D\~'^. Then Pk E OP~^ C OP^ and its associated zeta-function has a pole at d — k: 




[ a{x) j T,{{a\^\)-\x,i))\di\\dx\= j a{x) j \\i\\-''l^\di\\dx\ 

JM JS*M JM JS*M 

a{x) = I \a\ l^i 7^ 

where is the Riemann density normalized on ^(-orthonormal basis of TM. 

Conversely, since "^{A)^ is contained in the algebra of all pseudodifferential operators of order 

less or equal to 0, it is known [29, 51, 52] that Sp{M) c{d-k : k£N}. 

The fact that all poles are simple is due to the fact that T> being differential and M being 
without boundary, a'^ = 0, V/c e N* in ([20]). □ 
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